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4.5.1 Coziumlu Problemler

Céziimlii Problemler

(1) f(z) = 2®+32* — 22 +4 polinomunun zy = —1 noktasindaki 3. derece-

den Taylor polinomunu yaziniz.

Coziim:

f(=1)

f'(z) = 32% + 62 — 2
f"(x) =6x+6
f"(x) =6

()

¢l

8,

71 =5,
7(=1) =0,

7"(=1) =6,

0

olacagindan 23 + 3z°> — 2x +4 =8 — 5(z + 1) + (x + 1)3 olur. ©

(2) Asagidaki fonksiyonlarin karsilarinda yazil noktadaki verilen dereceden

Taylor formiillerini yaziniz.

(a)

(©)  fla)= &5 mp=1n=2
(e) f(z)=sin(sinx),zo =0,n = 3;
(g) f(r)=acosh%,a>0,79=1n=2;
(i)  flx) =€ 25 =0,n = 4;
k)  flx)=Q+2)"" 20 =0,n=
(m) f(x)=tanz,zo =0,n = 3.
Cozium

flx) =1 —z+2?)3 20 =0,n=2;

5;

(
(
(
(
(
(

b)
)
f
h)
i)
)

~—

f'(w) = 3(=1+22)(1—z+a?)?, f'(z)

f(x) = \/57370: 1,71,:2,
f(x) = > 1y =0,n=3
f(z) :1&,%13755020,7126
f(![') = arcfinfc’xo :Ovn:3a
f(z) =In®L 2, =0,n=>5
/(@)

6(1—x+a?)*+

6(—1+2x)*(1—2z+2?) olduguna gore, f(0) = 1, f/(0) = =3, f"(0) = 12
dir. O halde,

f(z) =1 =3z + 622 + 1r5(0; 7),72(0; ) = o(2?)

olur.

(b) fl(z) = 2\1/5:’

f//(l) — _4_11 tur. O halde,
f@) =1+ 5@ -1 -3

"(z) = —ﬁ olduguna gore, f(1) = 1, f'(1) = 3,

- 1(CC — 12 + (1 2),ra(1;2) = o (x — 1)?)
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olur.
(¢) f(1)=1,f(1)=—=, f"(1) = —% olduguna gore,

flx)=1- 1—36(x -1)— %(m — 12 +ro(1;2),mo(1;2) = o((x — 1)?)
olur.

(d) fi(x) =2(1 = 2)e ™, f'(2) = 2(=1 +2(1 = 2)*)e* ", ["(x) =
4(1—z)e*** (=342(1—x)?) olduguna gore, f(0) = 1, f'(0) = 2, f"(0) =
2, f(0) = —4 dir. O halde,

2
flx)y=14+2z+ % — §x3 +r3(0;2),7r3(0; ) = 0(3;3)

olur.
(e) f'(x)=coszcos(sinz), f'(x) = —sm:z:cos(sm r)—cos? rsin(sinz), f"(x) =
— cos  cos(sin x)+3 sin x cos x sin(sin z) —cos® x cos(sin z) olduguna gore,

£(0)=0, f(0) =1f"(0) =0, f(0) = —2 dir. O halde,

3

flz) =2 — % +13(0;2), 73(0; ) = o(2®)

olur.

(f)  f(0)=0,£(0) =0, "(0) =2, f"(0) = =6, fH(0) = 24, f)(0) =
—100, f©(0) = 480 olduguna gore,

2
fla) =a® —a® +a' - gwE’ + 52" +1(052), 76(05 ) = o(a?)

(8) f(0)=a, f'(0) =0, f"(0) = olduguna gore,
f@) = at 5o+ ra(0:2),ra(0:2) = o(a?)
olur.
(h) f(0)=1,7(0) =1, f"(0) = —3, f®(0) = 8 olduguna gore,

flx)=1-— %2 — %x +74(0; ), 74(0; ) = o(x?)
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olur.
(i) f(0) =0,f(0) =0, f"(0) =2, f”(0) =0, f*M(0) = 8 olduguna
gore,
4
f@) = 1+ + T+ ra(02), 73 (0 2) = ofa*)
olur.
(G) f(0)=0,f'(0) =0, f"(0) = =3, fM(0) = —2 olduguna gore,
flz) = —% - 1% +74(0; 2), 74(0; ) = o(z%)
olur.

(k) f(0) = L, f'(0) = 0, f"(0) = 2, f"(0) = —5, f* = 16, f*(0) =

80 olduguna gore,

. 1 2 2 = 5
f(z) = (1+x) = 1+x2—§w3+§x4+§$d+7’5(0; ),75(0; ) = o(”)

olur.

1) £(0) = e.f'(0) = §.£'(0) = 55, 17(0) = —Fe, fO(0) = e
olduguna gore,

e 11le Te 2447e
f(x) =e— §$ + g$2 — 1—6373 -+ WZA + 7”4(0; 37), 7'4(03 37) = O(:U4)

olur.

3xsinz, (tanx)” = 6cos ™t wsin? x+

3

(m) (tanz) = cos™ %z, (tanz)” = 2cos™
2cos 2w, (tan 7)) = 24 cos™® wsin® v + 16 cos™® x sin 2 olduguna gore,
tan0 = 0,tan’0 = 1,tan” 0 = 0, tan” 0 = 2tan® 0 = 0 olur. Demek ki,

F@) =+ égf” + o(z?)

oldugu elde edilir. ¢

(3) Asagidaki fonksiyonlarin Peano kalan terimli Maclaurin formiillerini

yaziniz.
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(a) f(z) = e, ) f(&) = e

(c) flz) =27, (d) f(z)=In(2+ex);
(e) fla)=(z+5)e*; () flz)=In3

(g) f(z) 362954_2:_515a (h) f(z) = x4_31x2_47
(i) f(z) =sin’x.cos?z; (j) f(z)=sin’z;

(k) f(z) = arctan z; (1)  f(x) = arcsinz;

Coziim: (a) f(x)=e e[l = Z & + o(t") oldugundan]

_ e—l[éo G0 4 o((5a)")] = k;) Sk 4 o(z™) olur.

(b)  f(z)= (14 4z) 2[(1+ 1) = zn: (Z“)tk—ﬁ + o(t™) oldugundan]

_ :0 (‘j) (4];”!)k +o((42)") = f: (_]j> 4kk‘fk + o(a™)

olur.
(0) flz) = 223 — 92— 5[ — S (—1)*¢F + o(") oldugundan]

z+1 z+1
k

=2- 5[;(—1)’“.% +o(z™)] = —3;:5(—1)’“_1.501~€ + o(z™) olur.

(d) f(z)=W2+In(1+<)[In(1+1t) = En:( 1)k E+o(t") oldugundan]

k
—n?2+ Z(_l)k_l'(%z) +o((&)) =2+ (_lllk_l,(g)k.azk + o(z")
k=1
olur.

(e)

k=
) = (z +5)e* = ze* + he*le! = Z 2+ o(t") oldugundan]

fa
[Z— Fole 4503 Bk ko) = 5 274 5 skt
a5

o(z") = ;2’”(/“10)95 Fo(am) = ézkl(kJrlO)x +o(z™) olur.

(f) f(z)=1In §+ln(1+§)—1n(1—%)[ln(l—l—:ﬂ):é(—l)k_l%—l—o(t”)

k‘ k+1 k—1
= Z 2" oldugundan] = 5 + Z (k 1), + B2k
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— . 3 2 3 1 2 1 1
(8) f()—1+( v )_1_z_w+z_—3_1_211+§_§1_§[1_ﬂ_
k;)( D)fEtkto(t™) ve 1 = kz_o t"+o(t") oldugundan] = 1—3 ];0(—1)711—:_

n n k41
23 to(a") = -5 + 3 (35— — 5&5)2" + o(a") olur.

1 1
) /(=) = e = s(ma—wn) = (4(1 <) —mrls ve

fonksiyonlarmm Maclaurin formiillerinden] = 3 ((—1)**! — )%= +

k=0

o(x?" 1) olur.

(i) f(z) =sin’z.cos’z = §sin* 2z = g(1—cos 4z)[cost = kZ_O(—l)k LA

n -
of**) oldugundan] = 53 EVGEEt 4 ofa® ) olur.
k=1

n—1
() f(z)=sin’z =3sinz—1sin3z = kZ_%) jgg—%(l—szkaJrl-l—o(ﬁ”)

olur. (k)ve(l) de verilen fonksiyonlarin Maclaurin formiillerini asagidaki

onermeden faydalanarak bulacagiz.

Onerme 4.5.6 :: [ : U(xg) — R fonksiyonunun f'(x) tievi icin b =

fk+1(:l’o)

o olmak tizere v — xq tken

= bp(z — x0)" + o((x — x)")

k=0

olsun. Bu durumda, "V (x0) tirevi vardir ve x — o iken

F() = o) + Y g = 20) ™ ol = w)™)

dar.
(k) (arctanz) = 7 = > (=1)*2*+o(2*"*') olduguna gore, Onerme
k=0
4.5.6 dan dolay1
n 2%k-+1

arctan x = Z(—l) ST T o(x*?)
k=0
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olur.
(1) Vxe (—1,1) icin

1. Zk—l
1+Z 3... ) 2k+0(x2n+1)

. I
(arcsinz)’ = 2’%"

\/1—x2 B

olduguna gore, Onerme 4.5.6 dan dolay

1.3...2k —1
arcsinz = = + Z WI%H + o(2??)

olur. ¢

(4) Asagidaki fonksiyonlarin karsilarinda yazili noktanin komsulugunda Peano

kalan terimli Taylor formillerini yaziniz.

() fl) = 22y = 1,
(b) f(z) =In(3+ 2z — %), 20 = 2;

(c) f(z) =sinTf zo = 2;
Coziim: (a) x+ 1=t olsun. O halde,

3w+1) 3t 3 L
Vi—@rip vi—e 2Tl r=el

olur.¢(t) fonksiyonunun Peano kalan terimli Maclaurin formtilii

= —t - tz <_%) ﬁ +o(t*)

fz) =

n—1
3 3 1)) 2k+1 2n
= §t+z 23k+1k' 25 4 o(t?)
k=1

olduguna gore, t = x + 1 degisken degisimi yaparsak,

n—1
fl)==(z4+1)+ Z 30 23k+21k/<'_ D) (2 + 1% 4 o((x 4 1))
k=1
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olur.
(b) 342z —2*=(3—x)(x + 1) olduguna gore, t = x — 2 dersek

3+23:—x2:(1—t)(3+t)=3(1—t)(1+§)

olur.Buna gore,
t
f(x) =In3+1In(1 —¢t) +1In(1+ 5) = g(t)

olur.g(t) fonksiyonunun Maclaurin formiilii

n k n

t o tF N
g(t) =3 =3 &+ () +olt")
k=1 =1 '

olduguna gore, (t = z — 2 olmak iizere)

f(x) =1113—i—2:((_2€ o 1) 2 +o((x —2)")
k=1

oldugu bulunur.

() f(z) =sinfz = cos(z —2)[(x —2) =t dersek] = cost = g(t)

olur.
n

t2k 2n+1
g(t) = ;(—Dkw +o(t™")

olduguna gore,

n szk(x o 2)2k —_—
fz) = ;(—1) TR +o((z —2)™")

olur. ¢

(5) f:[0,1] — R fonksiyonu icin

(a) f,[0,1] arahginda ikinci mertebeden siirekli tiirevlenebilirdir,

(b) f(0) = f(1) =0,
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(c) Vo € (0,1) icin | f”(z) |< A olacak sekilde bir A > 0 sayis1 vardir
kosullar1 saglaniyorsa Vz € [0,1] icin | f'(z) |< 4 olur.

Gosteriniz.

Coziim: Lagrange kalan terimli Taylor formiiliine gore

2

JO) = f(@) af (@) + [(e)F.0<e <e <,

1— 2
( 2:6) O0<r<e<l1

fQ) = flx) + A —2)f'(z) + [(c2)
yazabiliriz. Buradan,

f(@) = 3(f"(cr)2? — f”(@%),o <z <l=|fl(r)|<5(1—-22+
22%),0 < z < 1 bulunur. Vz € [0,1] icin 0 < 1 -2z + 222 < 1 olduguna
gore, son esitlikten Vz € [0,1] icin | f'(2) |< 4 oldugu anlasilr. o

(6) f:R — R fonksiyonu icin

(a) f,R tizerinde 2. mertebeden tiirevlenebilirdir,

(b) My = sup{| f*¥(z) |: # € R} < +00,k = 0, 1,2 kosullar1 saglaniyorsa
M3 < 2MyM,
olacagini gosteriniz.

Coziim: Lagrange kalan terimli Taylor formiililne gore z,zy € R

olmak tizere,

(z0 — x)°

Flro) = (&) + f/@)aro — 2) + ()0
olacak sekilde z ile zy arasinda bir ¢ noktasi vardir. Buna gore,

)| < 5@ [+ £z +] 0] o]

|fl70—515|2

S AJO+AJ1|$O—$|+MQ 5
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olur. Yy € [0,400) icin My + My + Mg% > 0 olduguna gore, M2 —
4%Mg = M? — 2MyM, < 0 dir. Bu ise, istenen esitsizligin dogru

olmasi demektir. ¢

Simdi limit hesabinda Taylor formiillerinin bazi uygulamalarini gérelim.

Taylor formiillerinden yararlanarak asagidaki limitleri hesaplayiniz.

(a) lim sinz—x . (b) lim tanz+2sinz—3x .
z—0 207 z—0 at ’
(C) lim l+zcosx—v14+2x (d) lim arctanx—sinz .
20 In(142)—x ) »s0 tanz—arctanz ’
ac2 3
s e 2 —cosx . sin(sinz)—z V1—22
(6) ili% z3sinx (f) glclir(l) x® )
. 1— sin x . 2, 1
(g) lim (COng) . (h) hm(cos T -+ I_) z(sinz—1)
z—0 d ’ z—0 2

Coéziim: (a) z — 0 iken sinz =z — x—ﬁg + o(z*) olduguna gore,

. sine —x hma:—%—ko(x“)—x lm —%—Fo(x“)
x—0 373 z—0 ;(;3 z—0 x?’
, 1 o(zh) 1 . olxb) 1
R A A L
olur.

(b) 2 — Oikentanz = x+za’+o(2?), sinz = x—%+0(1’4) olduguna

gore,
. tanx + 2sinz — 3z
lim =
x—0 :L‘4
it ol +2( — &+ o(at) — 3
= lim
x—0 ,§U4
4 20(t 4
g Q20 o)
z—0 ,7;4 x—0 .1‘4
olur.

() = —0ikencosz =1—2 +o(a®),I+2z =1+z—2°+ o(z?)
veln(l+z)=2— %2 + o(z?) olduguna gore,

! 1+ xcosx — 1+ 2x
im

20 In(1+2x)—x
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z—0 x—”’%—i—o(af’)—x
2 23 3 3
= — %5 +xo(x’) + olx
— hm 2 2 p ( )2 ( ) 1
z—0 —7+0(:B)

olur.
(d) @ — 0iken arctanz = z — 32° + o(2”) arcsine = z + ;2% + o(z”)

olduguna gore,

. arctang —sinz (z — 52° + 0(2%)) — (z — 22% + o(z?))
2—0 tan x — arcsin x 2=0 (2 + 32 + 0(2%)) — (x + g + o(2))
—12% + o(2®
= o)

e=0 L3 + o(?)

olur.
(e) t — 0iken e =1+t + % + o(t?) olduguna gore, x — 0 iken

22

e =1-Z +2 4 o(z*) olur. O halde,

_a? z2 x4 4 z? zt 5
i &2 CosT hml—g—l—g—i-O(x)—(1—7+ﬁ+0(1‘))
z—0 x3sinz 7—0 23 (x — ~L3_3 + o(z4))
o et +o(zt) 1

=0zt +o(zt) 12

olur.
(f) t—0ikensint=1¢— % + %0 + o(t%) olduguna gore, x — 0 iken
. . . 1 . 3 1 . 5 : 6
sin(sinz) = sinz — 6(8111 z)° + Eo(sm x)” + o(sinx)
x3 a2 e 1 x3 b 63
R TR IR TR
1 N 616
Tt T o)
3
1
= r— "=+ —2"+0(z")
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ve x — 0 iken

1 1
eVl —22 = z(1— 332)% =2(1 — z2® — ~a* + o(z?))

3 9
Ly 15 5
= r— -1’ — 2" +o(w
S0 = 52+ 0la?))
oldguna gore
y sin(sinz) —zv/1—2?
xlg(l) xd -
I 2 4 Lab 4 o(2%) — (v — 2% — 1a%) + o(7)
- xlir(l) o
o sr° +o(z®) 19
= P ~ 90
olur.
(g) u>01cm u’ = e’ olduguna gore,
1— sin x 1— sinx In cos
lim M = lim ¢
z—0 f1:3 x—0 :1;3

[t — 0 iken e =1 +t + 0(152) = 1 — 0 iken eSinzlncosz _ 1+
sinz In cos = + o(sin z In cos z) oldugundan]

sin z In cos x + o(sin z In cos x)

= l1m
z—0 373

[z — 0 iken

1
sinzlncosz = sinxln\/l—sian:Esinxln(l—sinzx)

1 in? 1
= 3 si]a:Jc(—Sm2 Ty o(z)) = . sin® z 4 o(z?)
L s 4
= ¢ + o(x®)
=z — 0 iken o(sinz Incosx) = o(z*) oldugundan |
— lim sinzIncosz + o(x?) _ lim sin lim In cos z +lim o(x?)
x—0 1‘3 x—0 1 x—0 :L‘z x—0 1‘3
. Incosz . In(l—sin®z)
= lim =lim ———
z—0 an z—0 2372
— lim sin®z + o(2?) 1

x—0 21‘2 2
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olur.
(h) y = (cosx + %Q)MSinlr—f) olsun. O halde,

1 L sz + L)
ny=———In(cosz + —
Y x(sinx — ) 2

olduguna gore,

In(1 + £ + o(z%))

In(cosz + Z°)

limlny = lim - = lim -
20 2=0 x(sing —x) =0 g(—L 4 o(z?)
4 4
C In(1+ % + o(a)) i 2+ o(a?)

N

alrind Lol

olur. ¢

4.5.2 Ek Problemler

(8) Asagidaki fonksiyonlarim karsilarinda yazih noktadaki verilen dereceden

Taylor formiillerini yaziniz.

(a) f(z) = (1 —2x + 32% +423)3, 2o =0,n = 5;
(b) f(x) = 5543, 20 =0,n =4

(c) f(z)=e"™" xo=0,n=2;

(d) f(z)=Ilncosz, xog=0,n=2;

(e) f(z) =1 —3wcos2z xp=0,n=3;

(f) flz) =11 — 2), vo=0,n=3;

(8) fla) ==, 29=0,n=4

(h) f(z) =sin(arctanz), xo = 0,n = 4;

(i) f(z) = Veosw, xo=0,n=4;

) f(2) = 5s w0 =0,n=5;



514

Ek Problemler

(k) f() = €%, 2y = 0,n = 5;
(1) f(x) =tanhx, zo =0,n = 6.

Cevap:

(a) 1— 6z + 212% — 322 + 152 + 662° + r5(0; 2),75(0; ) = o(z”);
(b

-3z + ing — 4—4963 + i5x4 +ry(0;2), r4(0; ) = o(a?);

[N o

c T+ 337 + 1r2(0; ), 72(0; ) = o(a?);

(
(d —i— ro(0; 1), ro(0; ) = o(x?);

(el—x—w+ﬁr+m®x)dm@=0@%

£+ 1a(0;),72(030) = o)

('b

(g
(h
(i
(]

(k) 1+a+ 320° — 32° — Sat + 2% +r5(0;2),75(0; 2) = o(2P);
(x°).

+ep
+ 57
I

L=

7’3(0 z),7r3(0;x) = o(z?);
’ 0;x) =

1-2 +7"4(0 ), r4(0; (x4),

14 2% + 20t + r4(0; ), 74(0; 2) = o(2P);

~’>I

3

)
)
)
) —
)
() %+ 7’3(0 x),73(0;2) = o(2?);
)
)
)
)
)
)

(1) x — 52° + £2° + r5(0;2),75(0; 2) = o(a®

(9) Asagidaki fonksiyonlarin Peano kalan terimli Maclaurin formiillerini

yaziniz.
(a)  flz)=3C""; (b) f(z) = (a? — )™
(c) f(x)=In glgﬁ, (d) f() = (1+2*)InV/1+ x;
()  flo)=In "t (f) f(x) = 5
(g) [flx)= 31{;12{_25; (h) f(z) = x cosh 3z;
(i)  flz)=sin’zcosa; () f(x) = £In 2=
(k) f(xr) =cos®x +sinz; (1) f(z) = coshxcosh 3x;
(m) fz) =202
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Cevap: (a) Z(—l)k%xk—ko(ﬂ);

k=0
(b) —x+ kX_: E;l)l)?xk + o(z™);
() InF+ kZ Lt + ola™);
=1
(d) 5-5+ ]i COEE=lak 4 o),
() In2+ Xn: (__1)(k_1)4(_k,3+2(_k)+3(_k) a* + o(x™);

(_1)k3—(k+1) - 1)xk 4 O(;IZ”);

—~
—
N—
Wl
+
=
>
—

=~
Il
—_

(=DF27 D — 1)a* + o(a");

—
e
N |t
_I_
NE

e
Il
—

n—1 ok

(h) kz_: (:;k)!kaH —I—O(ZL‘”);
e A

(i) Z (g;+)1)!22k—1(1 B 22k)x2k+1 4+ O(xzn);
- n—1

() =2+ 3 St 4oa™);
k

k) 1+ Zn: BEDMIT 2k 4 g (g20 ),

P 2(2k)!
n 2k—1
(1) ];_:0 2(2k)! (22k + 1)1‘% + 0(1,2714-1);
n 1
(m) kz_:l (kil)xzk +O(x2n+1).

(10) Asagidaki fonksiyonlari karsilarida yazili noktanin komsulugunda Peano

kalan terimli Taylor formiillerini yaziniz.

(a) f(z)=sin(2z —3),z,=1;

(b) f(z) =2 x, = 1;

(c) flz)=In(2+z—2?),2, = 1;

(d) fla) = =3 20 = 1;

(€) flw) =™ 48048 g, = —2;
/(@)
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(g) f( ) 10g5 \/ 2;,;7 = 1.

Cevap: () 3 #@c ~ 1)+ of(@ — 1))
(b) Z( 1)k 22k 2(k;2+3k—|—4)(x—|—1)k—|—0((x—|—1)");
() In2+ Xi:

(@ 2+ 3= 1)+ 35 (-1 of(o - 1)

k12k1

(=1 +o((z = 1)");

(e) Zn: T (x4 2)% + o (x 4 2)>H);
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(11) Taylor formiillerinden yararlanarak asagidaki limitleri hesaplayimz.
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4.6 L’Hospital Kurali

Boliim 2’de g, 22,00—00,0.00, 0%, 00” ve 1% seklinde belirsizlik olusturan
bircok dizilerin ve fonksiyonlarin limitlerinin, 6zel olarak, suni usullerle bu-
lunabilecegini gordiik. (4.5) ten de goriildiigii gibi boyle belirsizlikler difer-
ansiyel hesap yontemlerine(yani orta deger teoremleri ve Taylor formiiliine)
dayanik daha giiclii metodlarla incelenebilir. Bu kisimda sézkonusu metod-

lardan biri olan LL’Hospital kurali incelenecektir.

4.6.1 8 belirsizlik hali

Teorem 4.6.1 (1. L’Hospital Kural) :
b € Ry,a € Ruwe f,g : Us(a) — R fonksiyonlars Us(a) komsulugu
tzerinde tirevlenebilen Vo € Us(a) icin g'(x) # 0 ve lir% flx) = liIr(l) g(x) =0

olsun. Eger,

lim . ,(x) (4.60)
e—a g'(x)
limiti varsa, (A € R veya A = 00 olabilir) lim % limiti de vardur ve
!
lim &) S'w) (4.61)
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